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Abstract 
As an analogue of the basis elements in a vector space, the primal and primary graphs are 
studied by Dewdney and other authors. It may be called the binary structure that a tree with 
diameter < 2 is a primary iff it is a star with 2” leaves. This paper further investigates an infinite 
family of primary trees with binary structures by means of an algorithm related to the matching 
theory of bipartite graphs. 
1. Introduction 
Dewdney [4] posed the question: “Finite, simple graphs, like vectors, can be added. 
Does there exist a set of graphs which behaves with respect to other graphs like the 
basis of a vector space?” This question stimulates a new direction of graph decomposi- 
tion (or factorization) problems. An application background is that people want to 
build a graph by means of some elementary subgraphs. Dewdney and other authors 
[ 1,2,4] studied the so-called ‘primal graphs’, serving as basis elements in the set of all 
graphs. Chinn and Lin [3] presented a slightly different approach for considering such 
analogues of vector basis. They called the basis elements ‘primary graphs’. 
In [3] it has been shown that the primary trees with diameter D( T) d 2 are only the 
stars K1,zn(n=O, 1,2, . . . . ) which have the binary structure; and there are no primary 
trees with D( T) = 3 because all double stars are non-primary. In this paper, we discuss 
the primary decomposition for the trees with diameter D(T)=4. First, we further 
exhibit the binary structure in primary trees (Section 3), and then we establish an 
algorithm for finding them (Section 4). Finally, we prove the existence of infinitely 
many primary trees in the family of all trees with diameter D(T)=4 (Section 5). 
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2. Elementary results [3] 
Let G =( V, E) be a simple graph with the vertex set V and the edge set E. We 
consider only the edge-induced subgraphs in the present paper. 
Definition 2.1. A graph G is said to be decomposed into subgraphs HI, H2, . . . , H,, 
denoted by G = HI + Hz + .-’ + H,,, if these subgraphs are edge-disjoint and their union 
is G itself. For a decomposition G = HI + H2 + . . . + H,, two terms Hi and Hj are said to 
be adjacent if they have vertices in common. 
Definition 2.2. A decomposition G = H, + H, + ... + H, is proper if no two isomorphic 
terms are adjacent. 
This is somewhat similar to the proper colouring if we give each class of iso- 
morphic terms a colour. Here, the requirement hat no repeated terms are adjacent 
is in order to prevent the trivial decomposition, i.e. decomposing a graph into 
copies of KZ. 
Definition 2.3. Let 52 be any given set of graphs and Tcs). Then r is said to be 
primary relative to Cl if (i) each graph G in Q can be properly decomposed into 
elements of r; (ii) no graph G in r can be properly decomposed into elements of 
Especially, when 52 is the set of all graphs, each graph GEM is called a primary graph. 
Similar to the space generated by a set of vectors, we adopt the following brief 
version. 
Definition 2.4. Let r be a set of primary graphs. A graph G is said to be generated by 
r if G can be properly decomposed into elements of r. The generated set of r consists 
of all graphs generated by r. 
It is easy to prove the following Theorems 2.5-2.9 by using the definitions given 
above (see also [33). 
Theorem 2.5. Every primary graph is connected. 
Theorem 2.6. Let r be a set of primary graphs. If G is a graph such that every proper 
subgraph of G can be generated by r but G itself can not, then G is primary. 
Theorem 2.1. The only primary path is Pz= kl,l. 
Theorem 2.8. The star K1 ,n is primary iffn=2’, i=O,1,2 ,... . 
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For a positive integer n, if the binary representation of n is 
n=2”1+2”*+ ...+2”k(n,<n,<...<n,), 
then the set B(n)=(2”1,2”*, . . . ,2”k) is called the binary partition of n. For instance, 
B(13) = { 1,4,8}. Theorem 2.8 can be represented as follows: the star Kt ,” is primary iff 
1 B(n) I= 1. For a non-primary star K, ,” with B(n)= {2”1, 2”2,. .., 2”k}, the proper 
decomposition 
Kr,,=K 1,Z”l+K1,2.2+...+K1,znk 
is called the binary decomposition of K1,,. 
According to Theorem 2.6 and by taking r= {K, ,2” ( n= 0, 1,2,. . .>, it is easy to 
verify that the trees A, B and C in Fig. 1 are primary. 
Theorem 2.9. The only primary caterpillars are K1 ,2n. A, C and those of D, E shown in 
Fig. 2. 
An open problem in [3] is to characterize all primary trees. 
3. Binary structure 
Now we study a tree T with diameter D( T) = 4. Let v. be the centre of T with degree 
d(vo)=m>2. Then there will be an m-star Se rooted from vo, called the central star. 
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Fig. 3. 
Denote by rl,uz, . . . . u, its m end-points. Then each ui (1 &i < m) will be the centre of 
an (hi + l)-star Si (ni >, 0), called a branch of T. We call this Tan (m; n r, n,, . . .n J-tree, 
as shown in Fig. 3. 
For example, the trees A,& C of Fig. 1 have diameter 4; they are (2; 3,3)-tree, 
(3; 1, 1, l)-tree and (3; 2,0,2)-tree respectively. Note that the central star S,, and each 
branch Si have a common edge ei (1 < i <m). 
Let 9 be the family of all trees with diameter 4, i.e. all (m; nr, n2, . . . , n,)-trees. We 
want to know how many primary trees there are in 9. It has been known that K 1 ,2n 
and A, B, C are primary. What else? 
Suppose r={K,,2”(n=0,1,2 ,... ), T*=Tu{A,B,C). We discuss the situation 
that a tree TE% is properly decomposed (or generated) over r*. 
(1) All terms of the decomposition are classified into two parts: those of A, B, C and 
those of K 1, 2n (one part may be empty). Since no two isomorphic terms are adjacent, 
there is at most one copy of A (or B, or C) included in the first part. So, we can 
enumerate all 23 = 8 possible appearance of the terms A, B, C. In other words, there 
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may be 0,2,3,5,6, or 8 branches of T involved in the terms A, B or C. We have to test 
all these possibilities in an enumeration routine. 
(2) The second part of terms are those of K, , 2n. The binary structure in this part 
would be more attractive. Now let us consider the decomposition of an (m; nl, 
n,,... 3 n,)-tree over Z={K1,2~In=0,1,2 ,... >. There will be a partition (I, J) of the 
index set { 1,2, . . . , m} such that 
I = {i 1 ei is contained in a term of the binary decomposition of S,>, 
Z= {j 1 ej is contained in a term of the binary decomposition of Si, 1 < i < m}. 
We then consider the subtrees formed by the branches of I and J respectively. Without 
loss of generality, we may assume 1={1,2,...,m,}, J={m,+1,m,+2,...,m,+m2} 
with ml +m2 =m. So the subtree relative to I, denoted by T(Z), is an 
h;h,n2,... ,n,,)-tree; the other one relative to J, denoted by T(J), is an (m2; 
n,, + 1 ,. . . , Q-tree. 
(2a) In the subtree T(Z), binary decompositions are carried out in Kr,,,and 
K1 ,“,(l d i<ml) individually. Whether or not these binary decompositions constitute 
a proper decomposition of T(Z) depends on how we assign the ei’s (icl) to the terms of 
K l,m,r . and this in turn depends on the compatibility relation of the binary partitions 
Z3(ml) and B(ni). For example, in the (3;6,5,1)-tree shown in Fig. 4, the binary 
partitions are well compatible. We will explain this idea later. 
Suppose B(m~)={bl,b2,...,bk}. Construct an auxiliary bipartite graph 
G=(X,Y,E) as follows: X={xIrx2,...,x,_), Y=YIuY2u-~~uYk with IYII=hl, 
(Y2(=b2, . ..)I Y,I=b k; and the edge set E is defined by 
(xi,y)EE,yCq 0 bj$B(ni) (i=1,2 ,..., m,;j=l,2 ,..., k). 
Theorem 3.1. An (m,; nI,nz, . . . , n,,,)-tree T has a proper decomposition constituted by 
the binary decompositions of Kl,,, and K1,,, (1 <i<ml) if and only if the auxiliary 
bipartite graph G has a perfect matching. 
B(j) = { 1~2 1 
~(6) = (2,4) B(5) = { 194 1 B(l) = 11 1 
Fig. 
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Proof. Suppose that T has a proper decomposition constituted by the individual 
binary decompositions of K1,,l and K1,,i (1 <i<m,), and that 
K I,~~=KI,,,+KL~,,+ .s-+K,,,~. 
Let X correspond to the edge set of K, ,1)1,, and Yj correspond to the edge set of K, ,bj. 
If eiEK1 ,bj, then bj$B(hi) (because there is no K 1 ,bj -term in the binary decomposition 
of K, ,,i). Assume that xiEX and yie Yj are corresponding to ei. Then we obtain 
a perfect matching of G by matching each xi to yi (1~ i < ml ). 
Conversely, if G has a perfect matching {(Xi,yi)I i= 1,2, ,.. , ml}, then (xi,yi)EE, 
yie Yj implies bj$B(ni). Thus we can assign ei to K1.b; SO, we get a proper 
decomposition of T. 0 
From this theorem, we may apply the well-known matching algorithm (e.g., the 
Hungarian Method [5,6]) to determine whether the subtree T(Z) has proper 
decompositions or not. 
2(b) In the subtree T(J), each edge ej (~EJ) belongs to a term of the binary 
decomposition of Sj. Since all eis are incident to the centre u,,, their terms have to 
be non-isomorphic to each other and non-isomorphic to those of K1 ,mi. Let 
Bj=B(nj+ l)\B(mi). Then the family {Bjlj~J) must have an SDR (system of distinct 
representatives [S]). To determine the existence of SDR, we can also use the matching 
algorithms for bipartite graphs. 
Combining with Theorem 3.1, we have the following conclusion. 
Theorem 3.2. An (m;n,,n2,...,n,)-tree T can be generated by r={KI,2nl 
n =O, 1,2,. . .} f and only f there exists a partition (I, J) of the index set (1,2, . . . , m} 
such that 
(i) the auxiliary bipartite graph G defined by I has a perfect matchings: 
(ii) thefamily (B(nj+ l)\B( 111) lj~J> has an SDR. 
We call a partition (I, J) compatible if the conditions (i) and (ii) are satisfied. 
4. A testing algorithm 
By using Theorem 3.2, we can establish an algorithm to test whether an 
hnl,n2,..., n,)-tree T can be generated by Z or not. 
Algorithm. Given m + 1 integers m, nl, n2, . . ., n,. We may apply a procedure of 
enumerating all subsets I G { 1,2, . . . , m}, starting with Z =8 and ending with I I I =m. 
When the following steps have been carried out for all subsets, return ‘no’ (i.e., 
T cannot be generated by Z). 
Step 1. For a given Zs{1,2,... ,m}, construct an auxiliary bipartite graph G by 
B( III) and B(ni), iEZ. If G has no perfect matchings, go to next I. 
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Step2. ForjEJ={l,2 ,..., ~}\Z,denoteBj=B(~j+l)\B(~Z~).Ifthefamily{BjJj~Jj 
has an SDR, return ‘yes’ (i.e. T can be generated by r ); otherwise, go to 
next I. 
Note that the computational complexity of each cycle (steps 1 and 2) is polynomial, 
but not for the whole algorithm. So, this algorithm is not good for real computations. 
However, it can serve as a theoretic tool to study special instances. For example, we 
may generalize the A, B and C in Fig. 1 to three types of trees in Fig. 5 which cannot be 
generated by r. 
(1) Type A. The (2”; CT=, 2’, . . . , Cy=,2’)-tree is denoted by A,. A, =A, and A2 
is shown in Fig. 5(a). We may apply the above algorithm to A,. For I=@, 
Bj=B(nj+1)={2”+‘} (j=l, . . . . 2”), it is obvious that {Bj 1 jEJ> has no SDR. For 
I # 8, there are no edges, thus no perfect matchings in the auxiliary bipartite graph G. 
Therefore A, (n> 1) cannot be generated by r. 
(a) Type A 
(b) Type B 
(c) Type C 
Fig. 5. 
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(2) Type B. The (x7= o 2’; cl:,’ 2’, . . . , cl:,’ 2’)-tree is denoted by B,. B1 = B, and B2 
is shown in Fig. 5(b). Similar to the previous case, B, (n k 1) cannot be generated by r. 
(3) Type C. The (2” + 1; 2”, 2”, 0, . . . , 0)-tree and (2” + 1; 2”, . . . ,2”, 0)-tree are de- 
noted by C, and Ci respectively. C1 = C; = C and C2 is shown in Fig. 5(c). Also, they 
cannot be generated by r. 
5. Primary trees with D( T) = 4 
In order to find more primary trees in F, we go back to the set r* = Tu {A, B, C}, 
which is the set of known primary trees so far. As mentioned before, we enumerate all 
possible appearances of terms A, B, C in the decomposition; on the other hand, we 
apply the algorithm in Section 4 to test whether the rest part of Tcan be generated by 
r or not. Based on this procedure, we will construct some primary trees in 9. 
Theorem 5.1. The (14; O,O, 0,4,4,4,4,12, . . . , 12)-tree T is primary. 
Proof. We first prove that T cannot be generated by r*. Otherwise, suppose that 
T had a proper decomposition over r *. Let T’ be the rest part of T when all terms A, 
B, C (as well as some resulting isolated branches) are deleted. Then T’ could be 
generated by r. However, if T’ is an (m; nl, n,, . . . , n,)-tree then 
(i) m 2 6; 
(ii) there are at least two branches such that ni=O; 
(iii) if m 2 8, there is at least one branch such that n, = 12; 
(iv) there are at least m- 3 branches such that ni=4 or 12. 
And there is a partition (I, J) satisfying the conditions of Theorem 3.2. By (iii) and (iv) 
(noting that 4=2’, 12=22+23), we have 111<4. If IZI=3, then 15123 and 
UBj=,I?~B(~j+l)\B(l~01~(2”,2~}, 
j6.I 
thus IlJjEJBjI<IJl. If 11162, then 151>,4 and 
thus I U jsJ Bj I < ) J (. Hence {Bj lj~J> has no SDR, a contradiction. 
Next, by the testing algorithm, we can verify that any proper subtree of T can be 
generated by r*. The tedious detail is omitted. 0 
Theorem 5.2. There are injnitely many primary trees in the family 9. 
Proof. If not, let r* be the finite set of all primary trees in 9. Denote 
mo= C MO), 
TEP 
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where v0 is the centre of T. Suppose that 
Then the (2”; Cl=, 2’, . . . , ~1~~2’) -tree A, cannot be generated by r*. Otherwise, let 
T be the rest part of A, when all terms in r* \r are deleted. Assume now that T is an 
(m; &2’, . . . . Cl=, 2’)-tree. Th en m> 2. We apply the algorithm to T. For I =8, 
Bj=B(Flj+1)={2”+‘), IUjEJBjI<IJI; SO {BjIjEJ} has no SDR. For I #& the 
auxiliary bipartite graph G has no edges. Therefore T cannot be generated by r, a 
contradiction. q 
It seems that there are rather few primary trees. The problems of determining all 
primary trees is worth further studying. 
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